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NOMENCLATURE 
(r,9,<f>) basic spherical coordinate frame 
6 surface tension acting between the two 
interfacial fluids 
p density of the fluid 
y absolute viscosity of the fluid 
v kinematic viscosity of the fluid 
C specific heat of the fluid at constant 
volume 
k thermal conductivity of the fluid 
$ thermal coefficient of expansion 
A thermal coefficient of viscosity 
Y thermal coefficient of thermal conductivity 
e thermal coefficient of specific heat 
X thermal coefficient of surface tension 
t elapsed time 
z (=ln r) transformed radial axis frame 
-*• 
•V velocity vector 
•fVi 
V- i component of velocity vector 
•f-li 
T.• ij component of stress tensor (see 
1-' Appendix A) 
+• y> 
q. i component of energy flux vector (see 
1 Appendix B) 
$ dissipation function 
p thermodynamic pressure 
i> stream function field 
VI 
vorticity function field 
temperature field 
gravitational acceleration 
i component of the gravitational vector 
freestream velocity relative to the. 
spherical element 
resolution of computational grid in 
z-direction 
resolution of computational grid in 
9-direction 
resolution of finite difference equations 
in time 
spherical element radius at time t 
(non-constant) 
(= —^—-r-) deformed vorticity field v r sine' } 
(= cr sine) deformed vorticity field 
2Ur 
(= —) Reynolds number 
(= ) Prandtl number 
specific heat of the fluid at constant 
pressure 
index of z-direction [stretched spherical 
coordinates) 
index of e-direction 
radial component 
tangential component 
dimensionless value or property 
internal fluid value or property 
value of function or field at the next time 
step 
IX 
gradient, differential vector operator, 
V" = [1- I L . Hi 
Lar' r ae' UJ 
Laplacian operator in spherical coordinates , 
„2 l 9 r 2 3 > l j _ 1 d r • 3 ^ 
V 7 - (r -3 7 ^ « <»»• aF> 
D 3 ~* ~* substantial time derivative, ^ = -̂ p + (V-v) 
basic spherical coordinate operator, 
E2 = _ 4 + ^i2i i - (_i_ i_) 
T7T 2 89 lSlne 36J 
0 1 I 
basic spherical coordinate operator, 
? 
c2 _ ,2̂  __3 _ cote d_ _ 3 3__. 
r̂ 3r3e r 3r " ~T se^ 
r 
basic external spherical coordinate operator 
in transformed coordinates 
2 2 
( e
2 zE 2) = ( * - |- + 3 - cote f-) 
3zz 9 Z 3ez ae 
basic external spherical coordinate operator 
in transformed coordinates 
(e2zC2) = (2 - 2 — - cote | 3 |~-) 
^ J ^ 3zse 3 z 3e^ 
basic internal spherical coordinate operator 
in transformed coordinates 
(e-
2zE2) - ( ^ + f_ + J^ - cote y 
3 Z 3 6 
basic internal spherical coordinate operator 
in transformed coordinates 
2 
(e"2zC2) = -(2 - i — -cote |- +3 !-) v ^ ^ 3Z36 3Z 36^ 
2 2 (=E (E )) (see Appendix D) 
"Jacobian" transformation operator 
3(f,g) =iaf/ax 3g/3y 
3(x,y) '3g/3x 3f/3y 
•s— partial derivative with respect to 
z z-direction 




This thesis examines the problem of the transient 
developing flow around a sphere moving within a Newtonian 
fluid in the low (non-creeping) Reynolds number region 
through computational techniques. First, the more general 
problem of two component direct contact heat and momentum 
transfer between continuous and disperse media is mathe-
matically formulated via the fundamental vorticity-stream 
function approach. Furthermore, this work attempts to provide 
direction and a background for future research in this field. 
Finally, this work utilizes the formulation to demonstrate 
the initial solution of the developing transient isothermal 
flow around a solid sphere in motion in a fluid of infinite 
extent at low Reynolds numbers (1.5 < Re < 40). 
CHAPTER I 
INTRODUCTION 
1.1. Motivation for the Research 
Two-component direct-contact heat transfer with phase 
change is being intensively investigated at present, owing 
to its applicability to a wide variety of technical and 
industrial needs. Direct-contact heat transfer with phase 
change is the most efficient and optimal mode of heat transfer 
available for practical ranges of operating temperatures of 
many industrial operations ranging from steam power plants 
to space heating systems, and as such warrants continued 
investigation into its fundamental mechanisms. Investigations 
are needed into such specific processes as modeling the trans-
port of momentum and energy associated with an immersed 
subcooled solid pellet heated through its liquid phase and 
ultimately expelled as a gas bubble from its heated fluid 
environment. Such an investigation demands a fundamental 
understanding of the complete discipline of heat transfer 
with phase change. 
A very interesting recent investigation concerning the 
extraction of geothermal energy proposes to examine the 
thermodynamic cycle of working fluid isobutanol to remove 
the heat from water flooded into large fissures in the earth's 
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hot crust. In this proposal, the isobutanol is sprayed in 
the form of liquid droplets at the bottom of these reservoirs 
of near boiling water, the droplets being at a temperature 
well below that of the water. These droplets are accelerated 
upward by buoyant forces as their bulk temperatures rise at 
very rapid rates. If designed properly, the system will allow 
these droplets to further absorb heat until slightly beyond 
the stage of saturated vapor into a superheated vapor state. 
In the process both vaporized isobutanol and small amounts 
of steam are subsequently expanded through a turbine. The 
expanded products are condensed and pumped back to the 
bottom of the fissure reservoirs. This innovative approach 
is a replica of traditional power plants with the exception 
that the fuel is the earth's heat and the "boiler" is the 
water holding reservoirs contained in the fissures. 
Prediction of yields, reliability, and operating limits 
of such a system also requires an extensive understanding 
of the complex interactions of two-component direct-contact 
heat transfer with phase change. However, at present, the 
only means of such predictions are through a vast collection 
of correlation equations, each limited to its region of 
applicability. 
1.2. A Brief Review of Pertinent Literature 
The field of transport phenomena around a spherical 
element suspended in an immiscible incompressible fluid 
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medium started with the works of Stokes (1845, 1851), who 
introduced a special stream function to solve for the creeping 
motion of a sphere well over a century ago. Hadamard [1911, 
1912) and Rybczynski (1911) further offered innovations to 
the problem by their viscosity parameter solutions for fluid 
spheres in creeping flow. Boussinesq (1905, 1913) also 
advanced the field through his perception of the significance 
of surface tension to the terminal settling velocity of 
fluid spheres. He also successfully demonstrated the 
effectiveness of assuming density to be a linear function of 
temperature. More recently Bassett (1961) developed the 
flow mechanism for the sedimentation of rigid spheres in the 
presence of a slip velocity due to sliding friction. 
Hughes and Gilliland (1952) presented a very signifi-
cant review of the concepts and correlations pertaining to 
terminal velocity investigations, and established guidelines 
on limits of terminal velocity based upon size of the 
settling body and the ratio of the internal and external 
fluid viscosities. Wallis (1974) published an excellent 
survey presenting an analysis of past terminal velocity 
research in the absence of heat transfer for both liquid-
liquid and solid-liquid systems. He categorized various flow 
regions and brought into objective focus such factors as 
viscosity, surface tension, and surface contamination. He 
performed much of his work in the form of terminal velocity 
correlation equations. An alternative method of displaying 
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his results is shown in Figure 1. The figure illustrates 
the region of effective experimentation for the heat transfer 
from water to a suspended light oil sphere at 21°C at terminal 
velocity. For example, in order to achieve a Reynolds number 
of unity, the fluid sphere must be about 0.064 millimeters 
in radius. The settling velocity will be about 0.244 
centimeters per second, and for a practical limit of experi-
mental measurement between 0.3°C and 45°C, the corresponding 
range of Grashof numbers is 0.03 through ten (10). Recently, 
Marchman and Sanford (1976) and Ueyama and Hatanaka (1976) 
have continued the investigation of terminal velocity through 
overall balances and integral concepts. However, most of the 
research during the past decade has been directed toward the 
topic of heat transfer of droplet sprays with phase change. 
Jensen (1959) pioneered the ever expanding numerical 
analysis approach to the problem by introducing a successful 
finite-difference scheme for steady incompressible flow 
fields with respect to a radially stretched polar coordinate 
system. His method of incorporating pressure terms, drag, 
and other gross elements of overall interfacial behavior 
are still acceptable standards in such solutions. Hamielec 
and Johnson (1962) and Hamielec, Storey et al. (1963) used a 
power series technique to analytically solve the steady-
state incompressible stream function equation without heat 
transfer. Schechter and Farley (1963a, 1963b) developed 
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Example used: light oil sphere (21°C) suspended in water (93°C) 
Figure 1. Region of Effective Experimentation for Liquid-Liquid System 
Based upon Wallis (1974) 
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tension upon the flow patterns surrounding spherical elements. 
They further demonstrated the importance of considering the 
exact stress equality boundary condition forms when solving 
for fluid-fluid systems where the ratio of the external 
viscosity and the internal viscosity was neither approaching 
zero nor infinite. Hamielec, Hoffman et al. (1967) and 
Hamielec, Johnson et al. (1967) investigated the accuracy and 
reliability of finite-difference solutions of the time-steady 
stream field for flow around spherical particles in inter-
mediate Reynolds number range. Furthermore, they discussed 
appropriate boundary and initial conditions for the general 
problem of time-steady, viscous, incompressible, axisymmetric 
flow as well as the oscillating character of their finite-
differencing scheme. However, they did not provide any 
recommendations on a technique for the solution of the time-
unsteady, viscous, incompressible, axisymmetric flow problem. 
Roache (1972) compiled a very thorough survey and creative 
documentation on the many numbers of computational fluid 
dynamics approaches then available. His recommendations and 
notes on general finite-differencing techniques are very far-
reaching, even though the text principally addresses itself 
to the rectangular and cylindrical coordinate systems. Much 
of the previous work, with more direct relevance to the 
present problem has involved both time-unsteady approaches 
to similar problems, as well as specific problems concerning 
time-steady, viscous, incompressible, axisymmetric flow with 
7 
heat transfer. 
In a promising investigation on combined forced and 
natural convective heat transfer, Pei (1969) correlated the 
Grashof number to the Reynolds number for solid-liquid 
systems. Sideman and Shabtai (1964) produced a most exhaus-
tive survey on a large number of sources and solutions for 
direct-contact heat transfer between drops and surrounding 
liquid medium. Since then, however, newer works by Chao 
(1969) and Yao and Schrock (1976) have provided developments 
from fundamental theory that yield correlation equations 
within some constraints. Table 1 illustrates, in part, a 
survey by Sideman and Shabtai, in addition to some more 
recent investigations. For example, Sideman and Shabtai 
quoted an empirical formula for the continuous phase Nusselt 
number as 
Nuc = -178 + 3.62 Re
1/2Pr1/3, (1.1) 
which applies to liquid drops with or without internal 
circulation for large Peclet numbers and intermediate Reynolds 
numbers (50 < Re < 800). Miura, Miura et al. (1976) also 
developed transport relations based on interactions between 
adjacently falling spheres. Harlow and Welch (1965) and 
Nakano and Tien (1967) provided excellent guidelines for 
time-dependent flow analysis of the stream, function equation 
regardless of the coordinate system used. Payne (1958) 
Table 1. Equations for Outside Nusselt Numbers for Fluid-Fluid Systems 
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published his solution for transient, viscous flow around a 
cylinder, and many of his concepts in time-unsteady finite-
differencing and data previewing are noteworthy. 
Scriven (1960), Scriven and Sternling (1960), and 
Miller and Scriven (1968) discuss the most general formula-
tions available on the dynamics of a Newtonian fluid inter-
face. These works present the topic of boundary conditions 
with respect to static, dynamic, and oscillatory rheological 
behavior. 
In short, the interest in the transient, viscous, 
incompressible flow around fluid spheres with heat transfer 
has been sustained in recent years due to a wide variety of 
its possible industrial applications. However, the previous 
efforts, individually or collectively, have not investigated 
the problem in its entirety. Major advances are needed into 
the investigation of the transient flow field development 
around a sphere immersed in a viscous, incompressible fluid 
in the presence of heat transfer. The general equations of 
motion and transport must be developed for fluids with 
variable properties. The important boundary and initial 
conditions must be fully understood and their influence on 
each application needs to be illuminated. 
1.3. Statement of the Research Problem 
When considering problems of transient direct contact 
heat transfer, there appear to be three major classifications 
11 
of characteristic dynamic fluid behavior. Figure 2 illustrates 
these three classes. Problems of class I are typical of 
fluids with extremely low Prandtl numbers, where the 
temperature of the internal fluid reaches the ambient 
temperature much more quickly than the sphere reaches 
terminal velocity. Problems of class II are typical of 
fluids with extremely high Prandtl numbers, where the terminal 
velocity is reached almost instantaneously compared with the 
time required for the sphere to reach ambient temperature. 
Problems of class III represent a more realistic fluid with 
an intermediate Prandtl number, with characteristic times to 
reach ultimate temperature and velocity being of the same 
relative magnitude. It may be observed that the majority 
of the investigations available fall into one of the last 
two regions of the problems of class II. In other words, 
these investigations presume the terminal velocity mechanism 
at the inception of their analyses, and fail to comment upon 
the transient velocity as it develops. It is also interesting 
to note, for example, that for problems of class III, beyond 
some critical time, t , the fluid sphere's acceleration is 
no longer due to the traditional buoyancy force. The fluid 
sphere is accelerated by its own volumetric changes being 
driven by the sustained heat transfer. For carefully 
controlled experiments, it may be possible to observe a 
virtual terminal settling velocity, which will not be constant. 
As the fluid sphere gets heated its density will decrease 
12 
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Figure 2. Classifications of Unsteady Heat Transfer from 
Fluid Droplets with Variable Fluid Properties 
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instantaneously, and consequently it displaces a slightly 
higher amount of its surrounding fluid. Even though the 
gravitational, buoyancy, and drag forces balanced just a 
moment before, this new infinitesimal change in volume 
immediately demands a new force equilibrium, thus requiring 
the fluid sphere to accelerate until the new drag force 
reestablishes the equilibrium. The virtual terminal settling 
velocity phenomenon, though not actually verified experi-
mentally, has a definite theoretic basis. 
Though much enthusiasm is present in the field of 
direct-contact heat transfer, little research has been 
accomplished relative to the desired end result of transient 
direct-contact heat transfer. Questions such as the nature 
of the transient flow field around a solid or liquid sphere 
as it settles from rest in another fluid of infinite extent 
remain totally unanswered. The extent to which general 
solutions of transient direct-contact heat transfer with 
phase change may be applied to real industrial problems 
will remain unknown until such investigations are initiated. 
This work attempts to provide direction and a background for 
future research in this field by mathematically formulating 
the problem of heat and momentum transport mechanisms between 
continuous and disperse media. It is further intended to 
utilize the formulation to demonstrate the initial solution 
of the developing transient isothermal flow around a solid 
sphere in non-creeping motion in a fluid of infinite extent 




2.1. The Differential Analysis Approach 
The primary scope of this general development is to 
build a system of equations which will provide a stable 
solution for velocity, temperature, and stream function 
profiles in space as functions of time for a closed range of 
fluid or solid spheres in suspended motion in a fluid of 
infinite extent. Though it is possible to provide estimates 
on the mean sphere velocity and temperature as time proceeds 
for special cases of inner fluid behavior by using overall 
control volume analysis, this technique alone is insufficient 
to provide the required solution for all cases of inner 
fluid behavior. For example, inner fluids which exhibit 
variable surface tension on the surface will greatly complicate 
the dynamic boundary conditions beyond the scope of overall 
control volume analysis. Also, in analyzing fluid sphere 
motions, where the ratio of viscosities of the inner and 
outer fluids is neither too small nor too large to allow 
assymptotic approximations, the integral control volume 
approach proves to be totally inadequate. 
The problem of developing the appropriate equations 






suspended in another liquid is somewhat complex. The best 
choice of coordinates is strongly suggested by the physical 
character of the element itself. Because there is every 
reason to assume that the element 
cannot maintain a spin in any 
conventional application, a 
spherical coordinate system is 
chosen with complete (^-independence. 
It will be assumed throughout the 
work that all equations of transport 
apply to the spherical (r,6,<J>) 
coordinate system as illustrated at right. 
The major assumptions adopted in the analysis are: 
(1) Spherical coordinate system. 
(2) Axisymmetric character (no dependency upon 
(f>-component in equations or fluid properties) . 
(3) Unsteady character with respect to time. 
(4) Viscous fluids. 
(5) Variable fluid properties (p,y,k,c ) as functions 
of temperature. 
(6) Negligible viscous dissipation. 
(7) V t = iy y ( r \ ) • ̂ ^ §3 (vesine) , 0 along 
a streamline. 
(8) Spherical element maintains spherical shape. 
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2.2. Development of the Transport Equations 
The basic equations of momentum and heat transport 
for axisymmetric flow in a spherical frame are: 
(a) The dimensional continuity equation 
If + 7 h ^\) + AlKB fe <PV i n e ) • °> ( 2 a ) 
(b) The dimensional momentum equations 
3v 3v v„ 3v v„ 
p(_I. + v — I • _1 iJL . _§_) = - 32. (2.2) 
M,-3t r 3r r ae r ' 3r l ' 
- ^ I? <r\P + F 4 I W I ? ( T r e s i n e ) " ^ 4 ^ ) * pgr> and 
3v 3v v 3v v v 
p ( l _ i + v l 6 + l i l + J ^ e , = - I 9£ (2 .3) 
^ 3 t r 3r r 39 r J r 30 
1 3 2 1 a T - c o t e t 
( 7 37 ( r ^ e 5 + FTTSe k ( T e e s i n e ) + " S ^ J + PV 
and 
(c) The dimensional energy equa t ion 
pc ( | 1 + v i l + ! i 3 l ) - . ( l L ( r
2 q ) + ( 2 . 4 ) 




TnTiT (i e»ne))-T(|f)p(v.t)+ T I»v . 
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For a Newtonian incompressible fluid with temperature 
dependent properties, flowing with negligible viscous 
dissipation, the transport equations become 
(a) The dimensional continuity equation 
v 
i 
3t "r ar r a 
( ^ + v ^ + 7 i ^ ) + pCvV) = 0, (2.5) 
(b) The dimensional momentum equations 
2 
dv dv v , dv v 
^•Mr^r^r-r) = ~£ + pSr (2-6) 
1 8 ,_2, 8 V . 1 3 , . „ 3 / 9 . 
(-T Ir ( r 2 v 1 ^ } + TTIKB TB ^ r s i n e T5F C ~ } 
3v - 3vfi 
£ s i n e - g ^ ) - f t ( 2 v r + - ^ + v e c o t e ) ) , and 
3v 3v v e 3v v v 
p ( 3 ^ + vr w + — ¥ e - + —F") = " ? "5% + p2e ( 2 - 7 ) 
+ ^ IF ^ r i ^ + ^r ̂  + FlhuTe 4e C2usineCi ^ • / ) ) 
r 
a v n -i 3v 0 
/- d /- t k , 1 r>> 2y , 
l~9F l F ~ J T Te~J " " T Cv + v e c o t e ) c o t 6 ) , and r " " r "
 r 
18 
(c) The dimensional energy equation 
„ r3T r̂ 3T
 V6 3T. _ n ô  
Pcv % + v r TF + — J& ~ ( 2 * 8 ) 
r 1 1 - r r 2 k '^Ii + 1 . 1 - fk s i n 9 i l ^ 
l~7 3r u 3rJ r sine 36 lK r 39JJ 
The incompressible flow continuity equation is auto 
matically satisfied by introducing the stream function, ijj, 
defined by 
Vr 2 . _ 39' v0 r sine "3r* ^ ' ^ 
r sine 
Cross differentiation of the radial and tangential components 
of the momentum equation to eliminate the pressure terms, 
yields, for a variable property fluid, the stream function 
equation (see Appendix D) 
E2 
_ 1 _ f l V _3£ + 1 d_J_ l p . + _ ^ _ d_ 2 + r
Z s i n Z 6 
s i n e l 3 t 3 r 3r T 3t86 39J s i n e 3t i n ^ J p 3 ( r , e ) 
(2.10) 
2 2 
1 r r l 3 \J) 3\j; _ 1 3 j ; 3\j; 1_ r_chJK 2 c o t e 3\j; 3\j; 
" 7 7 ^ L v 3r9e 9e " 7 i? 9r " r 3r T 9r 9e " 
2 f U ] 2 1 l l f i + r i . O 1$ _ 1 i ± 1$ + c o t e f_3^2. ^ 
J l 9 9 J ; r 89 l r ~ T 3e r 3r3e 3r r l 3r ; J 3rJ 
i dr 
Equation (2.10) cont inued 
19 
tne v iT i i ^ L 9r l v r 9 r ; j Br s i n e L~T 99 l ^ 
c o t e fc2 ., 2 rr2iM 3p , ! r ? ^ 9 r 1 14h 
- T - CE *) 2" ( C M 99 iTW [ 2 T 97 (F # 
E 2 " ] $ " 7^ } + ^ [- (c^)] ^ (2'10) 
Also, the stream function relations may be incorporated into 
the energy equation to obtain 
PCv tfr- - T ^ - F & I T ^ = kV2T+ (Vk).(vT). (2.11) 
r sine K ' J 
Nondimensionalization of the energy and stream function 
equations is achieved by a set of dimensionless variables 
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NRe = 2 
P^Ur o o 
N %
C P 0 
Pr 
+ p 
p = %ro 
M 0 




a = — f r . 
Mo 
(2 
A substitution of the dimensionless quantities into the dimen-
sional equations of transport render the normalized set of 
equations (with superscripts excluded for convenience), 
comprising of 
(a) The dimensionless variable property stream function 
equation 
N Re {( .AJi 9p_ + 1_ _J__^ ££, 9_ f E 2 } 
t l 9 t 9 r 9r 2 9 t99 96 J p 9 t l± : ^ J p 
9( 
F 2 , E TJJ 
2 . 2 r s m 
•, i /0 
9 U , 9 ) - s ine} 
( 2 . 1 3 ) 
N Re 2 2 
1 r r 1 _ 3 Tf> 9 ^ 3^_ 9_j£/_ 9_^ 1_ r 3I |K 2 + 2 r s i n e L l 2 9 r 9 0 99 " 2 2 9 r " r l 9 r J r r d D 
cpt9_ M i l _ 2_ rM>, 2) I iR + r l i ! i 91 . I _iLjJL M + 
JL 9r 90 3 ^99^ J r 39 ^r 7~T 30 r 3r99 9r 
x r c3 r 
cote_ , 9 ^ . 2 . 9 p . n 
r ^9r^ J 9 r J / 
- yE% + [2 ^ (E
2* - I §*)] M + [ ^ L_ ( E 2 ^ } . 
E q u a t i o n ( 2 . 1 3 ) c o n t i n u e d 
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£ 2 | 9 (E2^) - lz (C2*)] | H • [2r ^ ( i | £ - E2^] ( ^ 
1 1 U ) + \ltfM ^ , and (2.13) 
r d o 
(b) The dimensionless variable property energy 
equation 
l ~ N P r l p c v L a t 2 . h 3 ( r , e )
J } k [ 7~? r 3 r
 + ( - 2 - 1 4 J 
1 32T co te H-j + r3k 31 + '1 3^ 31-j 
"7 772" ~T2~ B6J Lar 3r " I 39 39J * 
ae 
It is immediately observed that Equation (2.13) is a 
highly non-linear fourth-order partial differential equation, 
and as such might not prove directly solvable. However, 
by introducing the vorticity function, £, defined by (see 
Appendix C) 
2 
E ljj = £r sine, (2.15) 
Equation (2.13) may be reduced to two simultaneous second-
order partial differential equations in ̂ , the latter to be 
solved by numerical methods. 
As has been pointed out by Jensen (1959), near the 
22 
surface of the fluid spherical interface it is expected 
that the stream function and the whole character of each 
equation will vary most radically. Hence it is desirable 
to use, for relaxation purposes, a fine lattice near the 
interface, and to allow the lattice to become increasingly 
more coarse in the region farther removed from the interface. 
This may be accomplished quite elegantly by the stretching 
transformations r = e for regular intervals of z for the 
external fluid, and r = e for regular intervals of z for 
the internal fluid. Furthermore, to separate the stream 
function equation into two solvable representations the 
introduction of several new variables is necessary. These 
are represented for the external and the internal flows as 
follows : 
(a) External fluid (r = ez) 
C = - j — (e2zE2)iJ, (2.16a) 
e sine 
F " rifne = "iV: ° 4Z1. 2fl ^ ^ e sine e sin 6 




(e2zE2)^ = (^ - !_. + ̂  - cote f ^ , and 
a Z 9 0 
(b) Internal fluid (r = e~Z) 
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C = £—s- (e"2zE2H (2.16b) 
^ sine *• J v 
F = HfEe = ilri^^fe"2ZE2)* 
« . . sine 2z , -2z-n2>. . 
G = ursine = — — C = e (e E H 
ez 
2 2 
(e"2zE2)* = (* + * + * - cote fr) ̂  
3zZ 3z 96Z " 
Use of these variables into the equations of transport 
for the internal fluid yields 
(a) The internal dimensionless variable properties 
vorticity-stream function equation 
N Re{ 2Z _ 1 2 i 3^ 3 j _ ~ ^_ 3(/^) s i n e } (2.17) 
1TX L 9 t 9 z 9z 9 t 3 e a e J p at ^ J p 3 ( z , e ) 3-LIi0-r ^ /J 
+ ^Re re^l . . r f 9 j L - 9 i . i ! l 9 1 + r ̂
2
 + c o t e M M + 
^T l s m e L l 3 z 3 6 36 772 3z l 3 z J ° 3z 36 
o u 
, 3 1 , 2 . 3p_ f 3 _ ^ 31 + 31 i i - ljL_ 21 + cotfl fM)
2^} 
L 3 6 J J 36 \ 2 36 3z 36 3Z36 3z U L y L 3 z ; . J 3 z J / 
9 Z 
e 2 z ( ( e - 2 z E 2 ) ( G ) ) + e
2 z [ 2 ( § § + e 2 z i - f + 2 e
2 z §£) ] § £ + 
3 z 
E q u a t i o n ( 2 . 1 7 ) c o n t i n u e d 
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3z_ w~ se 
(M + | z • M J + e2 z[2e2 z(e-2 zC2)^] | ^ , and (2.17) 
(b) The internal dimensionless variable properties 
energy equation 
N R e v •/ ^ r 9 T + e 5 Z iCUOi x - ^ 2 z rv r3 2 T 9 T + ^T + 
IT NPr{Pcv [^t + iTnT y ^ t e T ] } " e [ k ( 7 ^ " 3z TJ + 
92 9e (2.18) 
cote II) + (* JI + 1* 31)]. ^ D 39J l3z 3z 90 30J J 
The corresponding equations of transport for the external 
fluid are 
(a) The external dimensionless variable properties 
vorticity-stream function equation 
N i 
~Z~ l c l WH as T 3tle W T p at I U J • p e 3 ( z i e ) 
(2.19) 
Re { e - 2 z ( . J _ J ! _ l £ + J _ J L l e } + 0 1 _ f G i . . e - z 3 ( F , » ) s i n 6 > 
N Re e ~ 5 z ~2 *£ e, [(^_JL | | . T | ^ . r i V + 0 1$ ^ _ 2 r 3 i k 2 , 3 p 
IT s i n e L ^ 9 Z 9 0 36 ^ 2 9z l 3 z J c o t y ^ 7 19 Z l W J Te 
Equation (2.19) continued 
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+ f^± M - 51 51 - iJL M + cote (51)
2) ^ 1 } l 7 T ae 3z de azse az
 UULW l a z ; ; 3 z J ' 
3 Z 
- -2zrr 2zJwrss , -2zr9r3G ~2z 3 U; . 9 Q - 2 Z 3^ n 3y = ye ((e E )(G)) + e I 2 ^ " e —% + 2e j£) Ĵ -
d Z 
+ e"2z[2 || - (cote)G-2e-22(e2zC2),);] §£ 
• e"2z[2e-2zC^f -2 ||)-G](^ - || - i!̂ .) 
o Z o Z 08 
2 
+ e"2z[2e"2z(e2zC2)i|;] |^-, and (2.19) 
(b) The external dimensionless variable properties 
energy equation 
NRe XT r__ r3T e "
3 z aCT.ilO-n _ _ -2z r i „ ,3
2 T + 3J + 3^T N ( n r r £ I - e M T ^ h l = e ~ 2  r k f 
N P r i p c v [ 9 T i I H e 3 ( z , e ) J } e [ k \ 
( 2 . 2 0 ) 
3 Z
2 S z s e 2 
c o t e 3e"} + %5z + a? 3 ¥ ) ] -
Finally, the last series of substitutions to be made 
in order to facilitate computational aspects of the equations 
are approximations to the various fluid properties as func-
tions of temperature (assuming constant pressure). Following 
Boussinesq (1905, 1913) the density, thermal conductivity, 
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and constant volume specific heat may be respectively 
approximated as 
p = 1-3T |£ = -S (2.21a) 
k = 1-YT ** - -Y 
c = 1-eT 
v 
The viscosity dependence upon temperature is sufficiently 
strong, according to Torrance and Turcotte (1971), to be 
approximated by the exponential function 
e'XT dp = .Xe-
AT **% = x V X T (2.21b) 
dT 
Schechter and Farley (1963a, 1963b) suggested that fluid 
impurities cause a variation in surface tension with the 
angular position along the droplet surface which may be 
approximated by a cosine function. In addition, the surface 
tension is expected to vary with sphere radius and tempera-
ture. It may thus be approximated by the expression 
a = <S(T)(l-x(T)cose), (2.22) 
where 6(T) is the bulk surface tension acting between the 
two interfacial fluids and x(T) is t n e correlation coefficient 
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to account for the variable concentration of surface 
contamination from the forward to the rear stagnation points. 
With these substitutions in force, the final forms of 
the equations of transport strongly coupled in ^(z,e,t) and 
T(z,9,t) for the internal (disperse) and external (continuous) 
flows are: 
(A) Internal fluid 
(a) Dimensionless variable properties vorticity-
stream function equation 
N 
P'^^IA S * l̂ fe tf)+U-eT)§^ + Cl- gT)e* i g ^ j . s i n e ) 
( 2 . 2 3 ) 
B ^ {e^L rriJL. 11 - l!l 11 + A
2
 + c o te 11 11 p ^ ^ l s T n ¥ L L 3 z 3 9 39 . . 2 3z L 3 z J U O L U 3z 39 
o o 
+ ,3^2 . 3T + r 3 J 31 + 31 i i - 1_JL_ 11 + Cot9 T^)
2) H i 
^ 3 9 J J 39 ^772 39 3z 39 3z39 3Z ° ^3z ; ; 3 Z J 
o Z 
= e - A T { e 2 z ( ( e - 2 z E 2 K G n - X e 2 z t 2 C | ^ + e 2 z ^ t + 2 e 2 z M ) ] £ l 
a Z L rfZ d Z 
Ae 2 z [2 | | - (cot9)G + 2 e 2 z (e" 2 z C 2 ^ ] f j 
Xe2z[2eZzA* | ± ) . G ] ( i ! T ( 2 Tj2 + 3T . 9^T + 9T 2 
V? 3Z 3 z 2 3Z 3Z ^ ™' 
. 2 z r ? 2z , -2z r2-. . , ̂ S
2 ! . 3T3T-, Xe [2e (e C )*] ( ^ -A gy j y ) . 
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(b) Dimensionless variable properties energy equation 
^Npr{(l-BT)(l-eTJ[|I+ f^L fg*!}] > - (2.24) 
2zr,, _.,3
2T ST ̂  32T . _. n 3T, rr3T-. 2 . r3T,2,, e [(1-YTK—j - al + — 2 + cote M ) - Y((^) • (g-g) )]. 
9z 90 
(B) External fluid 
(a) Dimensionless variable properties vorticity 
stream function equation 
¥ ^ " 2 2 (& g * f̂ e H) + (l-3T)|,(G)-Cl-3T)e- l y s i n e ) 
(2.25) 
+ 6 ^ { £ - ^ rr
9^- M . i!i l i . rli)2 + c o t 0 M M 
p ^ ^ s T n 0 U 9 z 3 0 99 . Q 2 9z
 l 9 z ; c o t u 9z 90 
O D 
_2fBV) 9T + f9_^, 91 . d± d± . 9 ^ _ 9£ + , 9 ^ 2 , 9T, 
l 90 J J 90 l7~Z 90 9z 99 3z90 Tz o t y l 9 z J J dzn 
9 z 
e - X T {e - 2 2 CCe 2 2 E 2 KG)) - X e - 2 z [ 2 C | f - e'2z i -A + 2 e "
2 z M ) ] § I 
9 Z 
Ae" 2 z [2 | | - ( c o t e ) G - 2 e " 2 z ( e 2 z C 2 ) ^ ] | I 
x e -
2 z [ 2 e - 2 z ( ^ -2 §1) -G] ( ^ " ̂ ) 2 - ff - 4 + * ^ 
9zZ SZ 9zZ 9Z 9 Z 99Z 3e 
Equation (2.25) continued 
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- xe"
2zt2e"2z(e2zC2)*](|^e -X | | | I D . (2.25) 
(b) Dimensionless variable properties energy 
equation 
^N p r{(l-BT)(l- e T)[|I - C £ ! £ ! } ] > • e-
2z[(l-YT) (2.26) 
32T . ST ^ 82T . „.„ 3T. „,-,.3T,2 . (-3T.2,, 
( T T ^ 7^" 39^" Y ( (^ + ^ 3 1 -
dZ d9 
2.3. Establishment of Boundary Conditions 
The development of the generalized boundary conditions 
must be divided into two categories, namely the fluid-
fluid system and the solid-fluid system. For a fluid sphere 
moving relative to another extensive fluid medium, the set 
of boundary conditions must include 
(a) Boundary conditions at the sphere center (origin), 
(b) Interfacial boundary conditions, 
(c) Infinite extent boundary conditions, and 
(d) Axes of symmetry boundary conditions. 
For a solid sphere in motion relative to an extensive fluid 
medium the boundary conditions (c) and (d) above need to be 
specified, in addition to the conditions at the solid wall 
as well as within the solid sphere itself. In each case, 
the boundary conditions must be developed both from the 
30 
viewpoint of accepted nomenclature and convention, with 
particular reference to their implication upon the nomencla-
ture and symbols immediate to this work. These boundary 
conditions apply most specifically to the properties of 
temperature, pressure, and surface tension and to the flow 
parameters of stream function, vorticity, radial velocity 
component, tangential velocity component, and shear stress. 
Furthermore, these boundary conditions must consider either 
sedimentary or permeability flow extremes, as well as flow 
regimes which are a mixture of these two. 
A complete listing of the applicable boundary 
conditions for fluid-fluid systems is provided in Table 2. 
A corresponding listing for solid-fluid systems may be found 
in Table 3. The permeability flow regime refers to the 
motion of a surrounding fluid medium relative to a stationary 
suspended body. The conventional streamline pattern for 
permeability flow is illustrated in Figure 3. The sedimentary 
flow regime refers to the motion of the suspended body moving 
relative to its surrounding stationary fluid medium. The 
conventional streamline pattern for the sedimentary flow 
regime is illustrated in Figure 4. Initial conditions are 
listed in Table 4. A few examples to illustrate the 
transition from the conventional dimensional form of the 
boundary conditions to the corresponding dimensionless form 
of the boundary conditions may be helpful. Three of the 
relatively complex conditions are chosen as examples for 
Table 2. Itemized Boundary Conditions for Fluid-Fluid Systems 








must be finite 
must be finite 
must be finite 
must be finite 
must be finite 
must be finite 
k* Ir" C0,e,t) = o 
f- |i- (0,0,t) = 0 
80 
vr(ro,e,t) = -vr(r0,e,t) = 
dr (t) 
o v J dt 
vQ(ro,0,t) = v (r ,e,t) 
T * ( - •z , 0 
0 0 * 
, t ) must be f i n i t e 
* * c - o o ' ; , t ) must be f i n i t e 
c * C - • Z c o > ^ t ) must be f i n i t e 
dip* 
30 ( - 2 v 00 
e , t ) must be f i n i t e 
a V* 
3z 
C - z , 
v 00 3 
e , t ) must be f i n i t e 
P*( - • z c o > e . t ) must be f i n i t e 
3T* 
3z C - z , ^ oo ' 
e , t ) = = 0 
3T* 
C-z , 0 , t ) -= 0 
9̂ * 3^ gsin( 
30 30 3U 
(1-BT) 
3T rQ(0) ^ at (0,9,t) 
f f (0,0,t) = ff (0,0,t) 
Rationale 
Finiteness at origin 
Finiteness at origin 
Finiteness at origin 
Finiteness at origin 
Finiteness at origin 
Finiteness at origin 
Finiteness at origin 




Table 2 (continued) 
Conventional Dimensional Form Corresponding Dimensionless Form 
[w(r,6,t)] [w(z,6,t)] 
Rationale 
T*(rQ,e,t) = T(rQ,0,t) 
k* ST* 
WT- CV6'^ = 
k §7 ^ O - 9 - ^ 
k* 37* 
r~ 89~ CrQ,e,t) = 
k i l fr fi to 
T*(o,e,t) = T(o,e,t) 
37 k* ^ (0,6,t) = k |I (0,6,t) 3z 
k* '1^- (0,9,t) = k §1 (0,9,t) 
No-jump temperature 
Continuity of heat 
flux vector 
Continuity of heat 
flux vector 
4>*(r,0,t) = i[;(r,0,t) = 0 ^*(z,0,t) = ^(z,0,t) = 0 
C*(r,0,t) = c(r,0,t) = 0 £*(z,0,t) = c(z,0,t) = 0 
^*(r,7T,t) = l|;(r,TT,t) = 0 4>*(z,7T,t) = TpCz,TT,t) = 0 









Table 2 (continued) 
Conventional Dimensional Form Corresponding Dimensionless Form 
Ew(r,9,t)] [w(z,9,t)l 
Rationale 




.-XT .2. ., -X*T* 
rp + ^ rML-29t)i - rp*-
e \ 
LP sine>azae aeJJ IP sine 
rdjkl+2*^] = -a 
lazae ae J J . a 
- p ( e 2 z C 2 ) i | ; = - y * ( e ' 2 z C 2 ) i | ; * 
Equality of stress 
at interface 
Equality of stress 
at interface 
at ( r Q , 9 , t ) 
at ( r Q , 6 , t ) 
**• re reJ r ae 
o 
at ( r Q , 6 , t ) 
» »<*& - 2 c o t e H> •• 
^ C " 3 ^ F +2GOtef|-) 
2> [-sln^f^aa " c o t e at ' ae ) ] " 
e-y*T* a j ^ a ^ + aj*. j 
$ine lazae ° az ae JJ 
i ag 
"I ae 
Equality of stress 
at interface 
Equality of stress 
at interface 
above are applied at (0,9,t) 
Table 2 (concluded) 
Conventional Dimensional Form Corresponding Dimensionless Form 
[w(r,6,t)] [w(z,e,t)] 
Rationale 
T ( - , e , t ) = Tro 
*(°°»e»t)' = o 
^ (oo,e , t ) = o 
k | | 0>>e>t) = o 
£ | £ C~,e,t) = o 
T ( Z o o , 6 , t ) = 1 
^ ( Z o o , 0 , t ) = 0 
? ( z 0 0 , e , t ) = o 
§ 7 ( Z a 3 , e , t ) = o 
I T Czro,e,t) = G 
Infinite extent in 
continuous medium 
Infinite extent in 
continuous medium 
Infinite extent in 
continuous medium 
Infinite extent in 
continuous medium 




By first subtracting T equation before transformation. 
By first subtracting T Q Q equation before transformation. 
Table 3. Itemized Boundary Conditions for Solid-Fluid Systems 
Conventional Dimensional Form Corresponding Dimensionless Form 
[w(r,e,t)] [w(z,0,t)] Rationale 
vr(ro,0 ,t) = 0 
vQ(ro,0,t) = 0 
3z (o,e,t) = o 
|f Co,e,t) = o 
Impenetrable interfa 
No-slin interface 
T*(rQ,e,t) = T(ro,0,t) T*(0,9,t) = T(O,0,t) No-jump temperature 
k* If ̂ V9'^ = 
k5T CV9'^ 
k* 9T* 
r 90 v o 
(r ,0,t) = 
k* 1^- (0,0,t) = k |I (0,8,t) Continuity of heat 
dZ d Z flux vector 
k* | ^ (0,9,t) = k |I (O,0,t) Continuity of heat 
39 de flux vector 
r 80" ( ro' 9 > t ) 
ij;*(r,0,t) = c*(r,0,t) = 0 i|;*C-z,e,t) = C*(-z>0>t) = 0 Inside solid sphere 
P*(r,0,t) = 0 p*(-z,0,t) = 0 Inside solid sphere 
Table 3 (concluded) 
Conventional Dimensional Form Corresponding Dimensionless Form Rationale 
fw(r,6,t) [w(z,B,t)] 
\Kr,0,t) = 0 ^(z>0,t) = 0 Axially symmetric 
flow field 
£(r,0,t) = 0 C(z>0,t) = 0 Axially symmetric 
flow field 
\l)(r,T\,t) = 0 iKz,ir,t) = 0 Axially symmetric 
flow field 
C(r,ir,t) = 0 s(z,ir,t) = 0 Axially symmetric 
flow field 
T(oo,0,t) = T T(z ,G,t) = 1 Infinite extent in 
continuous medium 
iK°°,6,t) = 0 i|;(z ,e,t) = 0 Infinite extent in 
00 continuous medium 
?(°°>B>t) = ° cCz^jOjt) = 0 Infinite extent in 
00 continuous medium 
k || C°°,e,t) = 0 || (z ,9,t) = 0 Infinite extent in 
9r *• fKJf"J 3z <•*« 
P- f«> 0 t) = 0 — (z 
r 36 l >D>L-> 30 îoo 
continuous medium 
- || (»,e, ) ||  ,9,t) = 0 Infinite extent in O-l 
continuous medium °" 
a. Stokes flow b. Potential flow 
Figure 3. Permeability Flow Regime Streamlines 
(White, 1974) 
U 
a. Stokes flow b. Potential flow 
Figure 4. Sedimentary Flow Regime Streamlines 
(White, 1974) 
Table 4. Initial Conditions for Fluid-Fluid 
and Solid-Fluid Systems 
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T ( r , 0 , o ) = T TCz,0 ,O) = 1 
T * ( r , 6 , 0 ) = T T * ( z , 9 , 0 ) = 0 
C * ( a , 6 , 0 ) = E2ip* ( a , 9 , 0 ) C * ( 0 , 9 , 0 ) = e 2 z [ ( e _ 2 z E 2 ) i | ) (0 , 9 ,.0) ] 
C ( a , 9 , 0 ) = E > ( a , 6 , 0 ) c C 0 , e , 0 ) = e " 2 2 [ ( e 2 z E 2 ) i K 0 , e , 0 ) ] 
i|>* Cr ,6 , 0) = \ | » ( r , 9 ,0 ) = 0 i | ;*Cz,9,0) = i|;Cz,0,O) = 0 
39 
this purpose. First, the no-penetration interfacial boundary 
condition for fluid-fluid systems is developed into its 
dimensionless form. 
It is assumed that although the temperature, and hence 
density, of the inner fluid will change through the course 
of the experiment, the initial fluid mass 
m = p(O)vCO) = p(0) | 7T(ro(0))
3 = p(t) | TT (rQ (t))
3, (2.27) 
will remain constant, where r (t) expresses the interfacial 




lo^_s/im i do î ( 
3 V P(t) p(t) dt J 
On substitution of the Boussinesq relationship of Equation 
(2.21) into Equation (2.28) gives 
_£ 
^ = |ro(0)(l-3T)
 3 g m (2.29) 
Since, at the interface, the radial velocity components for 
the internal and external fluids must be equal in magnitude 
and opposed in sense, a boundary condition of the form 
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v> 0,e,t) = -vr(r0>9,t) - a ^ ,. (2.30) 
may be expressed as 
- JL_ Mf. fr e t ) = J L _ M r r 9 t-) (2.3D 
sine 36 l.To'B'1-J sine 36 ^To'®'x> 
4 
• V ^ • J ro(0)d-ST)"
I|I . 
The corresponding dimensionless form of boundary condition 
becomes 
§|£ (o,e,t) = - If (o,e,t) (2.32) 
_4 
- | ro(0)(l-3T)
 Z |I (0,e,t). 
Next, the continuity of stress demands an equality 
of the stress tensor at the interface. The complete stress 
tensor equality includes shear stresses and normal stresses, 
including surface tension components, and may be stated as 
T-T* - a at r = r , or (2.33) 
o 
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P + T T 0 
r rr 9r 
Tre P+Tee ° 
0 p + T 
M 
r rr 9r 
t„ O P* + TAA 0 
















0 0 2£ 
r 
o 
at r = r 
For example, the rr component equality, on substitution of 
the viscous stresses in terms of velocity gradients, (see 
Appendix A ) , gives 
3v 3v 7 
(P-2P r-̂ -J - (p*-2y* _-H) = - |2. . 
3r 3r r Q 
(2.35) 
Nondimensionalization and spatial transformation (r = e ) 
of Equation (2.35) gives 
[P 
-AT 2 
(h&r ~2 H-)]-IP* 
A*T* „.2 
sine ^3z36 39 
(LJL. +2 M-)] = -a(2.36) 
sine V3Z39 36 
at (4>,e ,t) . 
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A similar examination of the re component equality gives 
* 
C - 2 u C - — ~ + — ))-(-2u*(- — ^ + — ) ) = " — ^ (2.37) 
1 Mlr 30 r JJ l ^ lr 30 r JJ r de v J 
at (rQ,e,t), 
which may be nondimensionalized and spatially transformed to 
yield 
- !\T 2 - 'X *T* 2 * 
L sTnT l3z36 30 90JJ L sine L3Z3e 3z 
(2.38) 
!£„ - - i g a t (o.e.t). 
The foregoing discussion on the development of boundary 
conditions leading to equations (2.32), (2.36), and (2.38) 
indicate the extent of complexity involved in detailing the 
process. A similar analysis pertaining to the remaining 
boundary and initial conditions leads to the concise listings 
displayed via Tables 2, 3, 4, and 5. 
In summary, the dynamics and thermal equilibrium of 
a disperse droplet in relative motion with respect to a 
continuous medium must be examined via Equations (2.23), 
(2.24), (2.25), and (2.26), subject to the applicable boun-
dary and initial conditions given in Tables 2, 3, 4, and 5. 
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2.4. Statement of the Specific Problem 
In order to establish the feasibility of the mathemati-
cal model a specific problem that is explored in detail is 
that of the initial isothermal developing flow around a 
solid sphere in motion in an intermediate Reynolds number 
range (1 < Re < 40) through an incompressible Newtonian 
fluid of infinite extent. Additional assumptions needed 
to be imposed upon the general model developed in the 
preceding analysis are as follows 
(i) Constant temperature exists at all locations 
of the internal [solid) and external (fluid) 
fields, 
(ii) Fluid properties are constant through the 
internal and external field, and 
(iii) Potential flow solution exists on the solid 
surface initially. 
As a consequence of the additional assumptions imposed 
for the general problem, the energy equation does not need 
to be examined, yielding the principle equation of transport 
as the vorticity-stream function equation. In order to 
recognize the full significance of these assumptions it is 
necessary to express the dimensionless constant properties 
vorticity-stream function equation for the external fluid, 
more simply as 
»R 2 „,. .cvv> 
Re r Zz 9E ty e s i n 9 z . Q 1 r 2 Z V 2 N r c 2 . . ,~ - n . 




3.1. Computational Formulation for the General Problem 
In an effort to facilitate numerical computation of 
the flow field within and about the droplet, the interrelated 
works of finite-differencing of the major governing equations 
and their boundary and initial conditions are broken down 
into the following groups: 
2 
(a) Normal spatial operators, such as -̂5-, -~—, — j , 
and —o-, 
3z 
(b) Boundary spatial operators, such as (rr)0 fi, 
(c) Jacobian partial differential operator, >> »|j, 
(d) Second differential in two directions, 
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dTWe9 a n a 
(e) Temperature equation. 
Figure 5 represents a diagrammatic flow chart of the crucial 
steps in the overall solution synthesis using computational 
techniques. 
In developing the finite difference forms of the 
partial differential operations, consider the Taylor-series 
expansions about the point (i,j) denoted as a mesh point. 
Its location with respect to the complete mesh system is 
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C START ) 
Define Run Conditions 
Set-up Coordinate Axes 
I Establish Initial Conditions on all Field Functions 
Initialize Time Clocks (Real and Dimensionless) 
Advance Real and Dimensionless Time Clocks 
I Compute Gross Elements of Flow Mechanism 
(pressure,drag, buoyancy, stresses) 
Solve for Next Temperature Field from Energy Equation GPDE 
Calculate New Fluid Properties Locally 
as Functions of Temperature 
z Compute Next G Field Based upon Vorticity-Stream 
Function GPDE 
Compute New F § C Fields Based upon Simple Definitions 
Using Poisson's Equation Calculate the ty Field Which Satisfies 
E2^ = G  
_Cqmpute New Time Dependent Boundary Condi t ions 
T; /Selectively Activated I/O Functions (PLOTS) / 
/ Final I/O Listing of all Fields ŷ fr 
( STOP ~Q 
Figure 5. Diagrammatic Flow Chart of Critical Path of Overall 
Problem Synthesis 
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illustrated for the internal fluid in Figure 6, and for the 
external fluid in Figure 7. These expansions, for the 
internal fluid, for a function w(z,0) are 
wi,j + l "
 wi,j + b 36 + T-^7 > (3-13 
2 2 
9w , a 9 w 
l + l,J 1,3 9z 2 az2 
2 2 * 9w ^ b 9 w 
W. • n = W. . - b 7T7T + -7— T » 
1,3 -1 1,3 30 2 ^ 2 
2 2 1 9w , a 9 w 
and w. -, - = w. . + a TT- + ~— —~- , 
i-l,3 i>3 9z 2 3z2 
while for the external fluid, they are 
2 2 
^ , 9w . b 9 w z-7 9̂  
wi,j + l
 = wi,j + b W + ^"^7 > (3-2) 
2 2 9w . a 9 w w. n - = w. . + a -r-- + •*— — T , 1 + 1,3 i,3 3z 2 \^2 * 
2 2 
- ,r •, 9w . b 9 w 
i,3-l i,3 39 2 902 ' 
2 2 1 9w a 9 w 
and w. . . . = w . . - a ^ — + — • — Z . 
i-l,3 i,3 3z 2 ^ 2 
These systems of equations, accurate to the second order, 
may be solved to yield the finite difference forms of the 
elementary partial differential operators. Those operators 
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8w = _ l + l,j i-l,J 
8z 2a 
w. . --w. . n 3 W - 1,3 + 1 i,J-l 
39" 2^ • 
-2 w. J_1 • +w. n . 0 
3 w - i + l,3 i-l,J _ 2 
T T 2 ~TWi,j' 
3z a a ,J 
~ 2 w. .J.1 +w. . n -, 
and 1 * = x'l+1 ^'J-1 - i- w. . , 
SB7 b7 b 1 1'J 
while for the external fluid, these are 
. W- n . -W- T -
3w = l + l, j i-l,J 
8z 2a ' 
w. .,_-w. - i 
aw = i,j + i i,j-i 
89 TB ' 
~ 2 w. _ .+w. T - 0 
9w = i + l,j i-l,j _ 2 
^ T 2 ^ i , j > 
8z a a *J 
~ 2 W- - T +W- . n ~ 
and 9 w „ i,j + l i,j-l . 2 
362 b 2 b 7 x'3 
By direct application of the preceding the velocity forms 
become, for the internal fluid 
U 91 _ e2zi U r . r 
ri.j " ~ 7 ^ i ^ ~ •iIHeJIFC*i>j*r*iO-l
)' (3-5) 
Equation (3.5) continued 
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2z 
_ M = f 
r 3 z s 
1,3 e s m f 
 Z • 
a n d v e . . = - -2z . „ Jz = fliTST I ? ^ i t l . j ' ^ i - l . j ^ ' ( 3 ' 5 ) 
while for the external fluid these yield 
v 
r. 
1 dty _ 1 U f, . ^ 
n n 2z . a 8e " ~ " T T : — 7 — -FS ^i,j + r^i,j-i
j' 
i»j e sine e I sine. J 
J (3.6) 
J ,r 1 3lD 1 U . f , . ^ 
and V . 2z . n it - 7 F — r — l a t*i+i,j-*i-i,jJ-
i>J e sine e I sine- J 
Furthermore, the finite difference forms for the complex 
partial differential operator, e~ ZE ty. ., for the internal 
1 > J 
2 z 2 flow, and the corresponding operator, e E ty. -, for the 
external fluid, are identical. These are given as 
(e~ 2 zE 2)(*. .) = (e 2 2E 2)(*. .) = (3.7) 
-1 > J J- > J 
0 2-b cote. 0j_ 2+b cote. 
a b 'J 
The development of the finite difference forms of the 
partial differential operations involving boundary nodes may 
be approached in a similar fashion. For instance, consider 
the Taylor-series expansions about the point (l,j) along the 
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interfacial boundary, described in Figures 8 and 9, and denoted 
as a mesh point. These expansions for the internal fluid are 
- TT ^T 3w 'b 3 w r-7 en 
wl,j+l - wl,j + b 3¥+ TT^Z > ( 3' 8 ) 
2 2 
_ TT „ 3w . a 9 w 
w- . = w, . -a 7c— + -̂ — — ^ , 
2,J 1,J 3z 2 ^ T > 
2 2 
n 3w x, a 3 w 
w3,j • wi,j " 2 a ¥ z + 4 T " ^ 7 > 
2 2 j i 3w , b 3 w 
and w 1 J . 1 - w l f. -b ^ + ^ - ^ , 
while for the external fluid, they are 
2 2 
wi,j+i -
 wi,j + b 3¥ + ;T ̂  > ^3-9) 
2.2 
w~ . - W-. . +a TT— + •*— —>y . 2,j l,j 3z 2^ ̂ 7 ' 
2 2 _,_<•> 3w . a 3 'w 
w3,j " wl,j +2a a¥ +4 7-^1 ' 
2 2 -i i 3w b 3 w 
a n d Wl,j-1 = Wl,j "b ^ + - ^ 2 • 
These systems of equations, also accurate to the second order, 
may be solved to yield the finite difference forms of the 
elementary partial differential operators. These operators 
are, for the internal fluid, 
Table 5. Two Directional Partial Differential Operator TT—~-














































Key t o Schema t i c 
zpfofr Edge Node 
Corner node 
-Q— Spatial node 
Location of node central to operation 
Use: Multiply corresponding neighborhood values of field array by app 
multipliers, sum the products, and divide by (4ab). For example 
3 2 - 4 ) -
ropriate 
, the value of 
ft" in the corner (i,j) for the external fluid is ̂ yg-g- (ŵ  
i,3 





+ W 7 . 
97 21 > l ' UJ 
W 1 . --W n • i 
9w _ 1,3 + 1 1,3-1 99 2F 
^2 w^ . - 2 W 0 . +W, • 
9z a 
and U * = 1>J + 1 _1>3-1 _ 1_ w 
ana y - * y w1 - , 
9GZ b Z bZ 1'J 
while for the external fluid, 
~ -3WT .+ 4w0 --w, • 
i£ = 1>J 2,3 3,3 n i n 
9z Za ' l̂ -J-U 
9w _ 1,3 + 1 1,3-1 
ae T6 * 
~ 2 w, .-2w0 .+w7 . 9 w = 1»J 2>J 5>J 
9z a 
j 3 w 1,1+11,1-1 2 
and —»• = —-^ *-« - —*- w 
392 " b^ b 7 1 > j 
By direct application of the preceding boundary forms the 




r 1 , j e s i n 
-2" • „ I I = " iT̂ TeT IF c *i , j + r * i , j - i J = ( 3 - 1 2 ) 
^71^ 8e 
and X , - - ^ T — r t ! = " siHer^a ^ i . r 4 ^ , ^ , ^ " 
1, j e sin 
_ ^ u M 
e Z z s ine 3 Z 
Furthermore, the finite difference forms for both the internal 
and external fluids are identically the same for the complex 
partial differential operator, as indicated by Equation (3.7), 
thus, 
(e"2zE2)tt, 0 = (e2zE2)(^ .) = (3.13) 
,2 + 3a 2 + 2a , . 2 + a , , . 
2a ,J a ,J 2a ,J 
2 + b cote • 2 2-b cote -
( 2b2 *1.M "?*1.3 + 2b2 ' •l.M3' 
Another special case for consideration is the inter-
facial boundary conditions when applied to the rigid or solid 
sphere. For solid sphere problems, the radial and tangential 
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velocities are zero on the interface boundary. For example, 
the third order accurate Taylor-series expansions for the 
external fluid only about the point (l,j) denoted as a mesh 
point are 
wl,j+l = wl,j + ^ ^ + 6-^3 • ^*14^ 
o2 ^2 J .3 
- Tr + a 9 W 4. a 3 W 
W2,j " " L i + ^ ^ + F--T' 
=2 ^2 ,3 .3 
w = w t4 |_ 1 1 +8 > 1_« 3,] lj3 1TJ-L 6 ^7 
and w > w + !>!. i!* »£ 1 ^ . 
This system of equations, accurate to the third order, may 
be solved to yield the finite difference forms of the elementary 
partial differential operators, namely, 
f| = 0, (3.15) 
39 U' 
2 -7WT . + 8W~ .-W- . 3 w = 1,J 2,3 3,j 
3zZ 2aZ 
Equation (3.15) continued 
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J 3 w _ 1,3+1 1,3-1 2 r, 1(-. 
and — ~ = — ^ 7 — - — T wn .. (3.15) 
36Z b Z b Z 1 , j 
Again, the preceding, by direct application, gives the 
external velocity forms on the interfacial boundary as 
vr, • = 0 (3.16) 
•*- > 3 
ve, . = o, 
-•- > J 
while the complex partial differential operator on the 
boundary becomes 
(eZV)(^ .) = ( Li2 *>2 1±1) + (3.17) 
1,J 2a^ 
,*1,3 + 1**1,j-1 2 , . 
(—u 2~~^— " ~T *l i3' 
which, for the boundary condition, i/j- -, = 0, becomes 
9 9 8^9 • "^ -7 • 
(eZZEZ)0fj ) = ' V • (3.18) 
'J 2a 
The next item of interest is the development of the finite-
difference form of the Jacobian transform. By process of 
straightforward substitution into the expression 
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3(z,6) 3z 36 38 3z ' L * J 
the finite difference form of the non-boundary Jacobian 
spatial operator for the internal fluid becomes 
fffff} " - ?IF t ^ ^ ^ i - l j H g i ^ r g ^ . ! ) - (3.20) 
(£i,j + l~£i,j-lKgi+l,j~ gi-l,j)]> 
while for the external fluid, the Jacobian becomes 
frftfr = *iF uh+i.i-h-ij^ui+vsi.i-i') - -̂21^ 
C f i , j + r £ i , j - i K 8 i * i , j - 8 i - i , j ) ] -
A completely new second order spatial operator must be 
introduced into the variable properties vorticity-stream 
function equation in order to maintain its conciseness. 
Its existence is motivated by the spatial derivatives of 
the viscosity in Equations (2.23) and (2.25). In order to 
complete the finite-difference form of this new spatial 
operator, C , the second order differential in two directions 
must also be developed. Table 6 displays a complete list 
of the boundary and non-boundary forms of the second order 
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differential in two directions. An example of the derivation 
is included for clarity. The development of the non-boundary 
form considers the series expansions of Equations (3.1) and 
(3.2) and the mesh configurations illustrated in Figures 4 
and 5. By application of 
. w. - - -w. -. . 
3w = _ i + l , j i - l , j ^ a n d ( 2 < 2 2 ) 3z 2a" 
_ w- . , - w . . -. 
3w = 1,3+1 i , J - l 
9e 7h ' 
to each other simultaneously, the result is 
. 2 w. . -, -w • - -, 
3 w = 1 _ r^L) = 1_ r_ i , J + l 1 , 3 - 1 ^ = ( 3 . 2 3 ) 
3z39 3z ldQJ 3z ^ 75 J 
1 3 , ^ , . 1 3 ^ >> 
TS 37 C w i , j + 1 } TG Ti ( w i , j - l 3 
which expands into the complete expression for the internal 
fluid as 
3 w = _ l+l,3 + 1 1-1,3+1 1-1,3-1 i
 + l,3-l r-7 ?AY 
3z39 SIB * ^-Z4J 
Similarly, for the external fluid, the second partial 
becomes 
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» 2 w . T - . i - w . i . L 1 + W . T . T - w . - . 1 
9 w = 1 + 1 , 3 + 1 i - l > 3
+ l i - l » J - l i + l > 3 - l r 3 251 
3z36 ' ^aB * ^ ' J 
The development of the forms for the spatial operator 
C is now within reach. By simple substitution, this operator 
for both internal and external fluids becomes identically the 
same expression. It is given as 
- 2 z 2 2 z 2 1 
( e C ) = (e C ) = ^~x- ( W - ^ T -^ - , -w . n . n +w. -, . - , - w . . . , . -,) v J K J lab K 1 + 1,3 + 1 1 - 1 , 3 + 1 1 - 1 , 3 - 1 i + l , j - 1 ' 
(3.26) 
•x—*- ( W - ^ T . - W - i O " TIT ( W - . - - W . • i ) . 
l a ^ i + l , 3 i - l > 3 2b ^ i , 3 + l i , 3 - l 
cot9_. , 
The Laplacian spatial operator is central to the 
energy equation. By simple substitution, the conventional 
forms of the Laplacian for both the internal fluid 
2 2 
n2 _ 3 w 3w 3 w , ^n+D 3w c^ 9 7 N 
v w " ^ 7 " 3T + ^7 + c o t e j sT ' C 3 > 2 7 ) 
as w e l l as f o r t h e e x t e r n a l f l u i d , 
ry f* 
u 2 w - 9 w 3w 3 w „^ + n 3w r 7 0 D . 
a ^ 7 ** 3 ^ J 39 ' ( 3 - 2 8 ) 
are rendered into identical finite-difference forms for the 
non-boundary mesh points. Hence 
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- 0^ 2+b cote.- T o 
V
2w = (^ w. , . + -*—L w. .A1 •.+ ? 4 w . , . + (3.29) 
2a2 1 + 1>^ 2 b ^ ^ ^ ^ 2a2 ̂ ^ 
2-b cot0. 2 2 
— 2 — ^ wi 1-l3 ' f~2" + "T^i i 
2b A'3- ; az bz 1,J 
Finally, the energy equation for the new time-step 
predicts a new temperature field (superscript prime) for the 
internal fluid according to the relation 
T'i i " T i i + 3» C ITTIT C3-30) 
I » J i . J e ^ Z i s i n 6 . 3 1 Z . 6 J 
+ -2?n^ — : [ii-y^r-yU^'C^'h2 * 
e 1 - p Np r (l-gT)Cl-eT) 
T -T 
r i , j + l i j - l ^ ^ i 
whereas the new temperature field for the external fluid is 
predicted by the relation 
3z . 
T ' - T +' '£S—^ "LOliJti rx 311 
w Zi • rp rp 
- ^ — [(I- YT)V 2T-Y((-
 i + 1 , i a
 i " ^ J ) 2 + 
-p. Npr(l-3T)(1-£T) 
Equation (3.31) continued 
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T -T 
C 1 , 3* 1 2b'
3" 1) )1. C3.31J 
5.2. Computational Formulation for the Specific Problem 
The specific finite differencing scheme for both the 
boundary and the non-boundary regions developed in the 
preceding analysis may be applied to the specific problem of 
transient isothermal flow around a solid sphere at intermediate 
Reynolds numbers. The governing partial differential equation 
for this problem is the constant property vorticity-stream 
function equation, which is a fourth-order non-linear equation, 
and as such might not prove directly solvable. However, 
via the use of the vorticity function, £, steady state 
solutions to Equation (2.39) may be obtained. This technique 
produces two simultaneous second-order partial differential 
equations which are solvable, one of which is the Poisson's 
equation in a spherical frame. Equation (2.39) may thus be 
uncoupled into the spherical Poisson equation, 
(e2zE2)G/0 - Cc e3zsine) = 0, (3.32) 
and the constant properties vorticity-stream function 
equation 
¥ [e2Z H - rStf} ̂ ^ 9 ] = (e2V) (G) . (3.33) 
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The corresponding indicial form for the spherical Poisson 
equation is 
z 2 z 2 z. 
(e 2 zE 2)U. •) = U- -e isine.)(e i) = (e i) (G, .),(3.34) 
J->j J->J j X > J 
while for the vorticity-stream function equation, the 
indicial form is 
2z. 3G-
e x -4 
• 3 ^ • 3F 3F . 3 ^ . z f . 
JL! + r—±JJ L>i_ _ — L i i —i-iJ-le sine. = l^.^J 
t L 3z 36 9z 39 J °J 
2 (e2zE2)(G. . ) • 
NRe ^ 
The spherical Poisson equation in finite difference form 
becomes 
2-b cote- ? 2+b cote-
2 + a , , , 2 . 2 lz'-
2a 7*1-1.3) - ^ ^ ^ i . j = ^ *n*ij 
and the finite-differenced constant properties vorticity 
stream function equation becomes 
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2 z . G. . - G . - \Li - , -, . - i l ; . T . F . - . - i - F . . T 
. x 1 > 3 1 > J + r 1 + 1 > J 1 " 1 > 3 . 1 » J + 1 _ 1 > J " 1 - ( 3 . 3 7 ) 
A t L 2 1 ZT5 
' . . - F - n . ll> . • J . T " i l l • • -I Z . 
1 + 1 ' J ^ ' J • 1 » 3 * 1 , K 1 ' 3 ' 1 ] e " s i n l 
2a 2b J 
? 2-b c o t e . 7 2 + b c o t e • 
- £ - [ ( _^ 1 G. . - + £ l | G. n . + , 3. G. . , + 
N Re S ^ ^ l j J + 1 2 a 2 1 + 1 ' J to* ^ ^ 
^ 1 Gi-1 P " ^ + ^ G i i ] ' 2aZ x ^ a Z b Z 1 , : ) 
where the prime denotes the value at the next time step. 
Equation (3.37) is so executed as to establish the 
next step G field everywhere; the Equation (3.36) is executed 
iteratively using over-relaxation techniques in conjunction 




DEVELOPING FLOW AROUND AN ISOTHERMAL SOLID SPHERE 
4.1. Validity of the Solution 
The solutions found using the numerical technique 
hitherto discussed exhibit excellent signs of convergence 
and stability. In addition to the absence of any signs of 
computational oscillation, the adopted computational technique 
shows a definite promise of tending towards a meaningful 
steady state solution. For example, Figure 10 illustrates 
the asymptotic character of maximum value of the stream 
function as the solution develops. Other factors such as 
the asymptotic development of the vorticity field as time 
proceeds further substantiate this conclusion. Stability, 
however, is conditional upon several factors. The least 
stringent of these appears to be the Courant number restric-
tion, expressed by Roache (1972) for stretched coordinates 
as 
_1 d± At < ± f4 n 
z 3z A9 ' * ^'1J 
e 
This restriction is of minimal stringency and is only a 
necessary, not sufficient, condition for stability. 
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Figure 10. Peak Height of the Developing Stream Function 
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and the kinematic viscosity of the fluid system being 
modelled. The rate of diffusion of fluid momentum in laminar 
flow is represented by the kinematic viscosity of the fluid. 
The diffusion rate of a quantity may be related to the 
positional rate of change of its disturbance front. The 
disturbance front may be visualized as a spherical surface 
•7 
of arbitrary radius r = r e . The rate of change of the 
surface area, A, for such a sphere corresponding to the 
motion of the distrubance front may be expressed as 
dA _ d r, 2^ d en 2 2 Z s n 2 2 z d z r A n\ 
at - at C4*r } = at ( 4 * r o e ) = 8 l t r o e at • (4-2) 
During the development of the numerical solution, it was 
observed that diffusion effects for the range of low Reynolds 
numbers extended to a distance generally less than five radii 
from the solid sphere surface. Since the vorticity diffusion 
rate must be compatible with the kinematic viscosity of the 
fluid system, the stability restriction for a radial step 
size, Az - a, may be expressed as 
v < Swr'e2* ̂  . f4.3) 
Equation (4.3) restricts the dimensional time step to 38.5 
milliseconds for the case examined in this work (a = 0.05 and 
2 
N D Q = 15, both dimensionless, v = .255 ^— and r = 0.084 cm). Re ' sec o J 
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This requirement does not impose much stringency in its 
applicability, either. 
The most stringent of the practical restrictions 
concerns the need for the vorticity function to behave in 
the expected diffusive manner at the solid surface. In 
order for this to occur during the initial time step when 
all field values are zero except on the boundary itself, 
Equation (3.37) is applied to the initial front of the 
vorticity disturbance. The vorticity function at the new 
time step, G? ., must be related to its older surrounding 
^ J 1 
vorticity function values. Because of the initial nature 
of the fields, the expression for the new vorticity function 
on the distrubance front is 
^-S^'xr C4.4) 
In order for G0 . to be smaller in magnitude than G., . for 
the case examined in this work, the dimensionless time must 
be less than 0.02022. By using only thirty per cent of 
such a value this requirement is well satisfied and supplies 
extremely reasonable time step values for stable solutions. 
Hamielec, Johnson et al. (1967) have discussed in 
superb detail the spatial grid restrictions upon stability 
for steady flow problems in the transformed coordinate 
system used in this work. Computational grids of coarser 
mesh than those used in this work were found to cause 
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oscillation of the vorticity function near the outer 
boundary downstream from the sphere. These oscillations 
were more predominant at larger Reynolds numbers. By using 
the appropriate spatial mesh sizes, no evidence of instability 
was observed. Furthermore, the recommended grid resolution 
of Hamielec, Johnson et al. proved quite satisfactory for the 
unsteady flow problem. 
4.2. Consequences of the Solution 
In order to interpret the solution, the time variant 
character of both the stream function and the vorticity 
function must be understood. Furthermore, the ability to 
correlate the observed phenomena with corresponding charac-
teristics of the overall flow itself is of paramount impor-
tance. The discussion of the developing flow field pertains 
to the flow Reynolds number of fifteen (15). Precaution 
must be taken when viewing the three-dimensional plots 
illustrating the flow fields. These fields are plotted in a 
permuted cartesian grid, even though the values themselves 
represent quantities corresponding to the stretched spherical 
coordinate grid. A complete set of illustrations for the 
time-variant behavior of both the stream function and vorticity 
function is provided in Appendix E. 
Preliminary Comments on the Solution 
The steady state solution for the flow investigated 
in this work appears to require approximately 150 
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milliseconds to develop. This estimate of the characteristic 
time is based upon the analysis of the flow fields as they 
converged asymptotically. During this time several signifi-
cant phenomena occur. Initially the stream function appears 
as a deformed elliptic paraboloid as it is visualized in 
Figure 11 as a surface in three-dimensional space. Within 
one-half of one percent of the characteristic time, the 
surface begins to lift itself upward, first in the forward 
region of the flow field, and ultimately in the rear region 
of the flow field. The result is to deposit a strong positive 
stream function field far from the sphere, and to maintain 
a narrow field of negative stream function immediately 
around the sphere itself. 
As the flow continues to develop, the vorticity is 
entrained toward the rear of the flow field. This phenomenon 
begins at about ten percent of the characteristic time. By 
the end of fifty percent of completion time, the region of 
vorticity infected flow is developing into a parabolic 
region around the sphere with its focus at the sphere center. 
Inside the parabolic envelope the vorticity as well as the 
vorticity gradients are large, and hence viscous effects are 
significant. By this time the width of the vortex parabola 
is about five diameters at the shoulder of the sphere, 
demonstrating that the molecular diffusion of the vorticity 
possesses a length scale of comparable magnitude to the sphere 
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progression in time of this region of vorticity infection. 
The vorticity is concentrated around the sphere and is 
contained within the parabolic envelope. Hence, the diffusion 
effects which are complemented by the presence of vorticity, 
are confined to the space immediately surrounding the' sphere. 
Outside this envelope of vorticity, the flow behaves as an 
inviscid fluid. For this reason, Oseen's modification of the 
Stokes stream function for Reynolds numbers below five (5) 
were not totally accurate. In other words, it did not predict 
the wake region. The presence of this large region of 
concentrated vorticity was not compensated for in his model. 
Furthermore, the vorticity envelope is being strongly 
deposited behind the sphere, which gives evidence that 
initiation of separation at the rear of the sphere is 
impending. Large gradients of vorticity cause the flow field 
to churn and swirl. When the vortex-lines themselves twist 
and stretch they introduce the cause for hydrodynamic 
instability which eventually leads to the transition to 
turbulent flow at large Reynolds numbers. 
Finally, the flow examined in this work may be 
recognized as a problem of class I, described in Figure 2. 
By investigating a new class of problems the avenue of future 
research is therefore defined, not to mention the potential 
for fundamental research into the problems of classes II 
and III not examined in this work. 
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Analysis of the Stream Function 
The initial stream function appears as a deformed 
elliptic paraboloid surface on a three dimensional grid shown 
in Figure 11. After about one-half of one percent of the 
characteristic time required for the solution to reach 
steady state, a region of positive value or prominence 
begins to emerge from the surface in the forward region of 
the flow field. This prominence continues to grow in magni-
tude toward an apparent asymptotic limit effectively reached 
after thirty percent of the characteristic time has elapsed. 
As this region of prominence emerges, its peak or maximum 
value is drifting in position and time. It originates at an 
angle of about 40 degrees and ultimately drifts in an almost 
parabolic path to an angle of about 140 degrees with respect 
to the forward stagnation point. Figure 15 illustrates this 
orderly movement of the peak as time proceeds. 
Within one percent of the characteristic time, the 
initial streamlines themselves are swept toward the rear of 
the sphere. As Figures 16 and 17 illustrate, the stream-
lines very near the sphere surface are first affected, but 
very quickly the streamlines far removed from the sphere 
itself are entrained and deposited toward the rear of the 
flow field. After one percent of the characteristic time 
has passed, the region of prominence begins to dominate the 
flow field in both the forward and rear regions* By the end 
of five percent of the characteristic time, the negative 
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Figure 15. Path of the Stream Function Peak (Re = 15) 
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Figure 17. Develocing External Stream Function as Lines o£ Constant Stream 




stream function values have been permanently confined to a 
narrow region very near to the sphere surface itself. Beyond 
this time the positive stream function values which fill most 
of the flow field far removed from the sphere characterize 
the flow field. 
Analysis of the Vorticity Function 
The vorticity appears initially as a bump or step 
distrubance along the sphere surface. As time proceeds, this 
disturbance propagates outward at a very moderate speed 
concentrating itself near the collar of the sphere. Figure 
18 illustrates the characteristics of the developing external 
vorticity function as a three-dimensional surface. After 
ten percent of the characteristic time has elapsed, the 
vorticity function begins to be entrained toward the rear of 
the flow field. Figures 12, 13, 14 and 18 illustrate this 
phenomenon clearly. After about thirty percent of the 
characteristic time has elapsed, the vorticity has strongly 
concentrated itself in the region behind the sphere. At 
fifty percent of the characteristic time, this envelope of 
vorticity infection has taken on the familiar shape of a 
parabola with its focus at the center of the solid sphere. 
Batchelor (1967) discusses this phenomena from the steady-
state viewpoint as a basic comparison between the characteristic 
length scales of diffusion and the suspended body itself. At 
low Reynolds numbers, the diffusion length scale is much 
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(Re > 200), the body length scale is considerably larger 
than the diffusion length scale. For intermediate Reynolds 
number flow, (5 < Re < 200), the diffusion and body length 
scales are of the same order of magnitude, and hence diffusive 
and convective mechanisms are simultaneously influencing 
the flow field. 
Up to about ten percent of the characteristic time 
the constant vortex-lines do not demonstrate any signifi-
cant behavior. However, beyond this time the vortex-lines 
illustrated in Figures 12, 13 and 14 are being entrained toward 
the rear of the flow field. As the sphere proceeds forward, 
new vorticity is generated at the solid boundary. The old 
vorticity, though diffusing slowly, is still present , since 
the surrounding fluid cannot dissipate immediately the 
vorticity already created. Eventually the vorticity does 
diffuse and dissipate itself via frictional mechanisms, 
slowly eradicating the remaining vorticity left far behind 
the moving sphere. 
4.3. Closure 
As a closing remark on the nature of the solution 
obtained, it may be stated that dispite the symmetry of the 
boundary conditions imposed upon the solution, the solution 
ultimately develops asymmetric flow fields. Because of the 
presence of the convective terms in the governing differential 
equation, and because of the comparable diffusion and body 
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length scales, both the vorticity function and the stream 
function develop their respective strong asymmetry. It may 
be further noted that the mathematical-numerical model is 
capable of displaying and does, in fact, display both the 
diffusive and convective nature of the very important regime 
of fluid mechanics, namely the flow for the range of Reynolds 
numbers between five (5) and 200. 
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CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS 
5.1. Conclusions 
On the basis of this investigation it may be stated 
that the problem of the transient heat and momentum transport 
mechanisms between continuous and disperse media has been 
mathematically formulated. A solution technique has been 
formulated in broad terms to allow for its implementation 
to analyze many two-component direct-contact heat transfer 
problems. It has been further shown that the technique may 
be applied to solve the transient constant properties 
vorticity-stream function equation for the problem of the 
initial development of flow fields around an isothermal solid 
sphere instantaneously set into uniform motion at a Reynolds 
number less than 40 in an immiscible fluid medium. Further-
more, the initial and boundary conditions on a wide variety 
of conventional problems have been presented. These condi-
tions have been presented in a form immediately applicable 
to the computational technique developed in this work. 
The numerical solution of the developing flow around 
the sphere indicates that the stream function evolves into a 
region of positive value far away from the sphere, and a 
region of negative value very near the sphere surface. The 
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vorticity, on the other hand, ultimately concentrates itself 
in a parabolic region behind the sphere. Despite the symmetry 
of the imposed boundary conditions, the convection of the 
flow causes the solution to eventually exhibit asymmetric 
stream and vorticity function fields. 
The solution for the material rate of change of the 
vorticity of a fluid lump has demonstrated both the diffusion-
like character and the convective character which is 
expected of viscous fluid motion for non-creeping flow 
problems. Since the solution exhibits no evidence of 
instability, it is certain that the further solution of the 
temperature equation and variable properties problem will 
proceed with comparable stability. 
It is concluded that this work provides a definite 
background and direction for future research in the field of 
two-component direct-contact heat transfer. By achieving 
the level of sophistication detailed by the recommendations, 
the art of direct-contact heat transfer may ultimately become 
a practical science of great potential. 
5.2. Recommendations 
The potential usage and experimentation of the complete 
analytical-computational package developed in this work 
shows great promise. In order to achieve a high level of 
sophistication in the transport model, however, many 
independent subsystems must be evolved and coupled with the 
present system. As the development of the total transport 
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model proceeds, its ability to accurately reflect more 
realistic and yet mathematically complicated transport 
phenomena should be assured. 
Recommendations for Immediate Improvements 
Several independent activities might be immediately 
initiated. A more efficient and concise technique to visually 
display the various variables involved in the transient 
solution need to be explored. Also, an implicit technique 
or a hopscotch technique to advance the time step solutions 
is likely to yield solutions at increased levels of computa-
tional efficiency as well as numerical stability. The 
actual implementation of careful and discrete numerical 
experimentation should be so developed as to help correlate 
these with laboratory experiments. In order to provide the 
model with realistic self-propagating characteristics, in-
line evaluation and treatment of such gross flow parameters 
as pressure, stresses, and drag must ultimately be incor-
porated into the program. 
Recommendations for Further Improvements 
More complicated development activities are recommended 
toward ultimate growth of the program model. It may be 
noted that the adaption of the model to allow for a two-
fluid system is complicated by the problems of the time-
variant interfacial boundary conditions. A further inclusion 
of the temperature field into the model should allow for the 
solution of a great number of realistic problems of two-
component direct-contact heat transfer. The variable 
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viscosity effects may be more directly investigated after 
the temperature field is included in the analysis. 
Recommendations for Long-Term Improvements 
A considerably higher level of sophistication would 
entail the inclusion of the substance properties between 
phases into the model. This should allow for the modelling 
of heat transfer processes where one of the constituents 
changes phase from solid to liquid or liquid to gas during 
the process. Also, by modelling the transport properties of 
several bodies in motion in close proximity, the realistic 
problem of a two-component direct-contact heat transfer with 
phase change system such as the one proposed for geothermal 
energy production could be resolved. 
Increased level of sophistication of the energy 
transport model can prove to be quite a powerful design tool. 
This may be achieved only through objective analysis and 





COMPONENTS OF THE STRESS TENSOR FOR NEWTONIAN FLUIDS 
IN SPHERICAL COORDINATES 
Figure 19. Stress Diagram of Fluid Element 
The components of the stress tensor for Newtonian 
fluids in spherical coordinates, as shown in Figure 19, are 
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COMPONENTS OF THE ENERGY FLUX VECTOR 
IN SPHERICAL COORDINATES 
The components of the energy flux vector in spherical 
coordinates, 
qr - -k |I (B.l) 
a - -k I II 
a = -k 1. II Hcf) r sine 3<J) ' 
when applied to an incompressible fluid in axisymmetric flow 
with no cf)-dependence, yields 
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APPENDIX C 
DERIVATION OF THE VORTICITY RELATIONSHIP TO E2ip 
2 
In deriving the vorticity relationship to E i|>, the 
curl of the velocity is defined as the vorticity, thus the 
expression 
(VXv)^ = 2O&)0 = 2 ^ = +c, (C.l) 
applies to the axisymmetric flow situation with no 
(J>-dependence. After substitution, 
™* = F ilr ( r V - h> (VI - (c-2) 
may be transformed by the stream function relations (eq. 2.9), 
so that 
2™ = _ i r^i + 1 i!t . cote |*j . E \ . ( 3) 
4) r sine L9r2 ~2 9Q2 r2 80
J r sm0 s v J 
may be expressed as 
E2^ = C r sine . (C.4) 
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APPENDIX D 
DERIVATION OF THE DIMENSIONAL VARIABLE 
PROPERTY STREAM FUNCTION EQUATION 
By cross differentiation of the radial and tangential 
components of the momentum equation, eqs. (2.6) and (2.7) 
respectively, to eliminate the pressure terms, the resulting 
equation, 
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which may be transformed, after substituting the stream 
function relations (2.9), into the dimensional variable 
property stream function equation, 
1 f _ l J t l £ +
 1 92^ iP ,̂ + P iL_ (v2 -\ 
sine" l3t3r 3r ~T 3t39 39J sine at l v ; ( D . 3 ) 
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TIME-VARIANT BEHAVIOR OF STREAM FUNCTION 
AND VORTICITY FUNCTION 
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RELOCATION . 
6LK 0' AA REAL 
. 2 A * : «£*L 
7 8 REAL. 
$ 882 REAL . et« ; 113 CI '. ' • HEAL. 





fUdCTION ESQ 7L/7* CcT.I PTN t.fctkZS 7T/it/i.l, ZJ.04.JS ntt' 
FUNCTIO* esc t w . : , j > 
C2J<.5«>7e$U23<.4«>7 9Sn2J<.56 7»'J012J<t5t.749Cl2J<t567l«l2J'»S67«m2Jl.5&7«S01l 
C 1 2 J <. 5 6 7 
X . 
c. THIS FUNCTION- COMPUTES THE FUNCTIONAL VALUE OP THE ALL IMPCRTAJ»T 
C, SFKRICAL SPATIAL CLIFF EaEoTIAL OPERATOR ESC. 
c. 
CCnCN AA , AAZ , AMI , API. , 0 0 , 8 3 2 t PdOVSN t N I 0 P 1 » KM1 t • 
. ki_$s£S . NHl . OFFSET , PIOVRN , RELAX , RES « U0VR2A . CO\fR?e 
OlhcSSION U U 1 . 3 1 I 
ESC » GUJO < H t I . J > - » £ S • H ( I . J ) 
RETURN 
EKO 
SVH8CLXC REFERENCE HAP ( R " l ) 
ENTRY POINTS 
* ESQ 
VARIAELES SN TYPE RELOCATION • 
. 8 11 PE*L / / 
2 AMI R £ A L / / 
<• 03 R£1L /'/ £7 ESQ R£4L 
a X Xi.iiGER P.P. 
7 rtlCPl INTECER / / 
11 NtliiES INTEGER / / 
U OFFSET REAL / / 
IS * £ L A X REAL / / 
17 UOV^ZA REAL / / 
0 u REAL ARRAY P.P. 
EXTERNALS TYPE AR.CS 
QUAO fi£-L 3 
' ' ' • . ' . ' - • ' . . ' • ; ' . 





PROGRAM LENGTH JD8 2% 
CM E ILAKK CCHHSM LENCTW 218 tr 
J APL REAL 
5 832 RE»L 
b FrtOVRH «£iu 
6 •J IMECER 
10 Krll INTECER 
12 N*I INTEGER 
1L PIOVRK REAL 
16 RES s REAL 
20 UOVRZB REAL 
Ct'NCTIOM OUAC 7 L / 7 I , 0l»T»2 FTH 4 . 6 * « t 2 « 77/9J/1*. 23.C9.?5 
FUNCTION CUAO ( W i I . J J . 
C2J*567i73123VSfc7BS0l2Ji.5&7«'5CUJ<.5<.7d9Cl2Jt.56rt«lZJ<.5S7«90t2J<.567<«01l 
C I 2 J t . S & 7 
c . •• ' . • . . 
c. THIS FUNCTION is AN INTEG*;L ANO SEPA^LE PART OF THE ALL .* .' ' 
C . InfCRl Ml SFhERICAi. SPATIAL ( J I F F E R E M I A L CURATOR E S Q . 
C. 
CCCrCS /UK/ H . N , KPl , N»l . HIGGLE t JWXCTH . A . 0 , C 
COKKON / F S A « E / 2 < < . I ) . RAO<U> . E X P Z U O . SINRACKJII , COSRAO<J1> 
COrNCN A- t AA2 , A,il , A P L , 0 0 . B32 « FfcOVRN • MI0S>1 » HH1 r • 
. KLINES . N * l . CFFiET , PIOVRN , S .£LAX . RES t U0VR2A , U0VR28 
DlrEKSJON M ( i > l , 4 : l 
ectT « o * cc;sAotj> / S I N S A O U » 
QUAC * «II.J<ll * 11. - 8C0T ) / BB2 
, •wi:«i,j» • *«x 
«Wi:,J-l) •'«. • 8C0T » / 882 
. **U-1,J> • APl. 
RETURN ' ,'" . 
ENC 
S V H S C I C REFERENCE KAP <*•» 
CHTRV POINTS 
i. CUAO 
VARIABLES SK TYPE 
6 A REAL 
1 AA2 REA(. 
2 APL REAL 
<• SB REAL 
27 acjT REAL 
*zo COSRA;J REAL 
6 Fr-CVKN K£4L 
«. IhiOTH IN'.CCER 
0 H I N T E C E R 
7 MICP1 I H T E C E R 
2 «Pl • flTECER 
11 NL>.ES I K T E C E H 
J N->1 INTEGER 
!<• o;cVRN AEA!. 
51 KiQ KEAL 
16 RES SEAL 
17 UOV*2A REAL 
D u REAt 
COMCO*. : BLOCKS LfikCTh 
ELK * 
F A A H E 17« 
/ / 17 
STATISTICS 
• R O M A r L O C T * 
C* LASEl.EC COnrlON LENGTH 
JOB IV 
J7C8 II* 
0 AA REAL 
2 AMI • ' REAL 
7 8 REAL 
f 832 REAL 
10 C ' REAL 
110 £xi»Z REAL ARRAT 
0 : INTEGER 
a J INTEGER 
<» mooLe INTEGER 
10 MHl INTECCR 
I N INTEGER 
12 SHI Ir.'TECER 
14 C V S C T REAi. 
26 CUAC • REAL 
15 RELAX REAL 
161 SINRAO REAi. ARtar 
20 U0VR28 REAL 





eLK * NI00L£ INTEGER DL< 
• / 
BL< 
I — ' 
Ki 
FCKCTZON JACC3Z 7<«/7<. OPW FTH t.6**24 rr/a3/t6. 23.09.15 #ACC 
FVJKCTICW jAcce i ( r , w , i , j > 
CZ3<tS67(f01ZJ«So7t)?0:Z.J<iS&7«v3l23iiS67«fG123*S6rtiai23<>567aV3123<i567«1Q12 
C 1 2 . 3 4 5 6 7 
C. 
C. THIS SUOROU*:NE COWUTES THE JACC3IAN PARTIAL OERIVATZVE OPERATION 
C. CCF.a) / C U . T x E U ) . 
c. 
COhKCd /OLK/ K . N . HP1 , MP1 , NI03LE • ZMZOTH . A . 8 . C 
0:n£NSIOK M U . J U t W C l . J i ) 
JACCBI « < C M J » I . J > - M I - I , J > > • (Htz.j*i) 
. - { M l . J * ! ) - r<Z.J- iJ) • <U<Z*i.J» 
RETURN 
EKO 
W ( I , J - 1 > > 
w(i-i,jn > / W A / B 
SYHOCLZC REFERENCE RAP <R«1I 
ENTRY POIrfTS 
<. JACOB! 
VARIABLES SH TYPE 
6 A RE«L 
10 C kClL 
0 I INTEGER 
0 J INTEGER 
0 K Ir.TtCER 
2 HPi INTECER 
3 NP1 INTEGER 
COKHOK 8LOCKJ LEhCTh 









7 8 REAL 
0 r REAL 
5 XWICTH IHTEOER 
6 JAC08X INTEGER 
<• MIOOLE ZNTECER 1 N INTEGER 






r .p . •\ 
STATISTICS 
PROGRAM LENGTH 
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